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Abstract 

A generalization of Ojima tilde conjugation rules is suggested, 
which reveals the coherent state properties of thermal vacuum state 
and is useful for the thermofield bosonization. The notion of hot and 
cold thermofields is introduced to distinguish different thermofield rep- 
resentations giving the correct normal form of thermofield solution for 
finite temperature Thirring model with correct renormalization and 
anticommutation properties. 

1 Thermodynamics of ideal ID gases 

From the standard course [1] it may be easily shown, that equilibrium ther- 
modynamics of the free massless bosons in the 1- dimensional box of length 
L coincides with that of the free massless spin 1/2 fermions at the same tem- 
perature keT — only for both zero chemical potentials, [ir B \ = = 0, 
giving a simplest example of thermal bosonization [2], for pressure P, densi- 
ties of internal energy U and entropy S (with h = 2nh, c - speed of light): 

p _ U{B),{F) 7T 2 S (B),(F) _ 2lT 2 , m 

P ^ F) ~ — — ~ -^r-^hc> however ' (1) 

for given densities: U(b) = — p-^, ^Tf) = — '• (2) 
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This qualitative "equilibrium" picture means that both systems for the same 
c, L have the same P, U, S and also another thermodynamic potentials. The 
condition = for arbitrary temperature implies an infinite boson density, 
fi(B) | — > oo, corresponding to specific case of thermodynamic limit N(b) 
oo, L — > oo for bosonic "picture". The "equilibrium" fermion pressure ([TJ 
actually is a sum of partial ones of fermions and antifermions, 
with opposite values of chemical potentials ^ = ±/i/p) and with the charge 
density Q(f)/L [TTJ: 
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V(F) Q(F) _ _+ 2/i(^) 



So, for any value of f-irp\, {J>m)i the "equilibrium" Gibbs potentials read: 
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Q{F) = N+ F) fi + + N^fi~ = Q( F )V(f) = h ^ F) , G(B) = N {B) fI {B) . (5) 
Thus: G(F) G(B) = 0, only if: =^> 0, with: n+ F) = n^ F) . (6) 

Nevertheless, = 0, for 7i9 F \ = 2 In 2/ (qhc). We want to point out that for 
nonzero temperature the usual infrared regularization parameter L acquires 
a physical meaning as a macroscopic thermodynamic parameter ([TJ of the 
real or effective "box size" of the thermodynamic system under consideration. 
So, the corresponding dependence requires additional care. 



2 On fermionic tilde conjugation rules 

Following to Ojima [10] let us start with simplest fermionic oscillator (for 
one fixed mode A; 1 ), which has only two normalized states |0) and |1), with 
energy and u, annihilated/created by fermionic operators b, b': b\0) = 0, 
|1) = tf\0), {b, tf} = 1, {b, b} = 0. The thermal vacuum appears as a 
normalized sum of tensor products of two independent copies of these states: 
1 00) = |0) <g) |0), 1 11) = |1) <g) |1), weighted with corresponding Gibbs and 
relative phase exponential factors [TO], so that for {b, &#} = 0, (6# = b, £>t): 

|0(?))(F) = z L J i/2 = CQS H 1 + e *" tan A &t&f ) ( 7 ) 

[<00|00> + e-^(ll|ll)] 

|0W)(F) = V^lOO), where, for: tan 2 ^(k 1 , c) = e"*", u = uik 1 ) : (8) 

y-^ =exp{e i *tan^G + }exp{-ln(cos 2 ^)G 3 }exp{-e^tan^G_}, (9) 
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with: Ga 



2G 3 , 



G_ = bb 
[G3, G±] = 
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thus: Vfl( F j = exp 



j*G + - e~ l9 G 
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(12) 



- is a standard form of operator of the coherent state for group SU(2) [3J. 
This observation allows to identify the algebra (ITT]) as "quasispin" algebra 
[I], with the cold vacuum 1 00) as its lowest state for representation with 
"quasispin" 1/2, and the state |11) as the highest one: 
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(13) 
(14) 



The unique arisen arbitrary relative phase $ reflects now the fact that the 
quantum state is not the vector, rather the ray. Thus, the thermal vac- 
uum (jHJ), as a coherent state [3J, is annihilated by operator VZ f \G-V$(f) = 
cos 2, $G_ + e J * sin2i?(j3 — e 2 ** sin 2 ^(7+ = b (<?)&(?), as wen as by operators: 



b is) = V^bVtw 



b cos $ — b^e 1 ^ sin 
- b cos $ + tfe 1 ® sin 



(15) 



Up to now 6* is only notation that does not define any operation. To fix it 
as an operation: b (?) £>(?), one should choose the value of $. The popular 

choice $ = leads to complicated tilde conjugation rules for the fermionic 
case, different from the bosonic one [9]. The Ojima choice $ = —tt/2 gives 
the same rules for both bosonic and fermionic cases [10J. We see now that 
the choice $ = 7r/2 is also good and, as well as the original Ojima's one, 

satisfies the properties of antilinear homomorphism and the condition b(q) = 
&(?). It seems very convenient for the purposes of bosonization that the 
tilde operation has the same properties for both Fermi and Bose cases. As a 
byproduct, we observe a useful interpretation of the thermal vacuum, defined 
by Bogoliubov transformation (JS}, as a coherent state, obtained by coherent 
SU(2) rotation of vacuum states for all Fermi oscillators |0fci0fci) as a lowest 



quasispin states, around one and the same unit vector u 



onto the different angles = — 2d{k l ) 
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Analogous picture may be obtained for bosonic thermal Bogoliubov trans- 
formation Vmb) leading to connection between the bosonic thermal vacuum 
and coherent state for the discrete series representation of group SU (1,1) 
[3] . However, for this case the numerator in (J7|) contains a countable number 
of terms with countable number of arbitrary phases $ n [10] • The coherent 
state of the type (fT2|) would be obtained only for countable number of 
coherent choices: $ n i— > n$, n = 0,1,2,.... We did not find a reason to 
prefer this choice to the usual one $ n = [9j [10] . 



3 Hot and cold thermofields 

So, at finite temperature, in the framework of thermofield dynamics [9] it 
is necessary to double the number of degrees of freedom by providing all 
the fields \I/ with their tilde partners \F According to [9], the resulting 
theory will be determined by the Hamiltonian H [ty, = H[^f]—H[^f], where 
H[V] = H*JV% with H[V) = H om (x°) + H m (x°), so that for Thirring 
model [7]: = H^,, and H Q ^ = —H Q ,^y Though the substitution like 

( IT5|) . for the free massless Dirac thermofields, x( x ) l— >* x( x i^)i a l so does not 
change [9] the form of the free operator: H [x,x] — Ho\x] ~ Ho\x]> these 
free fields, generally speaking, are not now the physical fields of this QFT 
model [5] [11], and, as is well known [51 [9], each term H[&] in H[ty, must 
be equivalent in a weak sense to the free Hamiltonian of massless (pseudo) 
scalar fields (cf)(x)), <p(x), at least, at zero temperature, T = 0. 

For any functional J 7 [^f] of Heisenberg fields (HF) in the given representa- 
tion of physical fields ip(x), i.e. for dynamical mapping (DM) ^>(x) = T[i[)(x)] 
[9] at zero temperature, being interested in the matrix elements on the ther- 
mal vacuum of the type: 

(0(?)|^[*(x)] |0(0) = (66\V#F[$(x)} V/|00) = (00|^[v^(x)V^]|06),(16) 
we come to formal mapping: 

V^(x)V^ = [-]?) = T [v^(x)V^] = T [<4>(x, [-]?)] > (17) 
onto the "cold" physical thermofield: ip(x, [— ]<;) = V^ip(x)V^ , (18) 

essentially with the same coefficient functions, as for the initial DM $?(x) = 
T[ip(x)], that, contrary to [9] |10], thus transferring so all the temperature 
dependence from the state (jHJ) onto these "cold" physical thermofields. How- 
ever, to compute the matrix element (TTB]) it is necessary to substitute into 
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the r.h.s. of (TTT5j) . (IT7|) the cold physical thermofields fll8p again in terms of 
the initial physical fields ip{x) via obtained from (1181) their linear combina- 
tions, analogous (but not the same!) to Eqs. ([15]) . and reorder again the 
so obtained operator with respect to the initial physical fields ip(x). The 
same operations also convert the formal mapping ffTTl) into temperature de- 
pendent DM over the cold vacuum 1 00) , and precisely in such sense we call 
further the r.h.s. of f[T7|) again as a new DM T: \l/(x, [—]<?) = T [ip(x, [—]?)] = 
T \v^(x)V» l ] => f [[-]?; Vfa)] = T [[— ]q c(A; 1 ), c^ 1 )], or e.g. c^ 1 ) ^ 6 fc i. 

On the contrary, the standard computation way [HI HO] implies the sub- 
stitution of the inverse to (|15p linear expressions of physical fields ip(x) = 
V&ip(x, [+]?)V^ _1 in terms of the "hot" physical thermofields, ip(x, = 
V^ 1 ip{x)V^, given by (fl5j) . into the l.h.s. of ffT6l) and reordering the so ob- 
tained operator with respect to this hot physical thermofield over the ther- 
mal ("hot") vacuum (jSj). Of course, such operations give the new DM T 
for the initial HF over this hot - thermal vacuum [9]: \[f(x) = T[ip(x)] = 
T[V^(x,[+]<;)V^] =4- f [[+]?; ^(x, [+]?)] = f [[+],; c^ 1 , [+]?), c^ 1 , [+]?)]• 
We want to point out that this field does not equal to ^(x, [+]<;) = x \l/(x)V^, 
which will appear below as a byproduct of our further consideration. To avoid 
some ambiguities [T51 [T3] one should carefully distinguish the hot and cold 
physical thermofields ip{x, [±]?) over corresponding vacua. 

The kinematic independence of tilde-conjugate fields \I/ means: 

{^(x)^*(y)}\ x0=y0 = 0, {Mx),*f>(y)}\ {x _ y)2<0 = 0, (19) 

and corresponds to above independence of their Hamiltonians and their 
HEqs. This allows to consider a solution only for the one of them. Since 
the thermal transformations V&(f), V^b) are n °t depend on coordinates and 
time, they can be applied directly to Eqs. ffT9l) and zero temperature HEq 
of Thirring model [8], resulting^] again to the same Eqs. f[T^]) and HEqs for 
the new HF [±]q) like $TQ: 



2d^(x,<r) = -i S J^(x,0*€(a:,0, 20^ s (x,s) = igJ^J(x,^(x, q), (21) 



iHere: x» = (a; ,^ 1 ); x° = t; % = c = 1; d» = (<9 ,<9i); for 5 00 = -g 11 = 1; for e^: 
e oi = _ £ io = 1; = ^t( x ) 7 o. 7 o = Uu y = _ Z(T2; y = 7 o 7 i = ff3) 7 m 7 5 = _ e ^ 7i/) 

where cr, - Pauli matrices, and 7 - unit matrix; = x° + ^x 1 , 2d^ — 2d/dx^ — do + £<9i, 
P 1 = —id\, E(P 1 ) = 7 5 P X ; summation over repeated £ = ±, is nowhere implied. The 
label [±] is omitted, where it is not important: J^(x, <r) i-> ^(x, t;)j u ^(x, 
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- for each £ - component of the field, that are also formally related to the 
corresponding current components as: 

Jf 9) (x, ?) = J^{x, + ^{x; <;) .— >• 2*J(x, <>)• ( 22 ) 

Thus, to integrate these HEqs we can sequentially repeat all the steps of our 
previous works [8] for T = 0. Applying the same arguments based on the 
currents conservation: d^jL,Jx,<;) = 0, £ = ±, we come to the same weak 
linearization conditions (here "w" means weak equality): 

7°7^)(^) ^ JL^J^x,,), (23) 
J v (x) (x^)= lim JY x) {x-e{e),q) =: J? x) (x,<;) :, with Z {x) (a) = 1, (24) 

e,(e)— >0 

that for the same subsequently normal ordered (renormalized) current: 

<?) i — ► lim jLJx;e,q) = J? 9) (x,q), (25) 

Jjf)(ac,?) i — ^mjf $) (3;;£,?) = ^(x,^), (26) 
where at first: e° = e l -> 0, when: e 1 = e°, e 2 = -? 2 > 0, for: (27) 
.^(ac; a, ? ) = Z^) (a) [tf (x + a, ^T^O, - (00|*(x + a, Ot"* ?) |00)](28) 

with (the same) appropriate renormalization constant Z^(a), leads again 
to the linearization of both equations ( 120]) . (1211) in the representation of the 
free physical fields xi x ^)- So, that again the strong operator bosonization 
rules for the free field only are necessary: 

Jf x) (x,<0 = -i=c»V(z,<r) = ~e^d v <j>(x,^), (29) 



7T \/7T 



The thermofields <^(x, <r) and 0(x, <;) are defined in fT4"0"l) below as unitarily 
inequivalent representations of the massless scalar and pseudoscalar Klein- 
Gordon fields: dfj,d^ip(x, q) = 0, and <9 M <9 M 0(x, q) = 0, and are taken mutually 
dual and coupled by the symmetric integral relations: e(s) = sgn(s), 



<j>(x,q) 



Y-\h^-y^{it€4: (31) 



that implies the conditions: (p(— oo, x°, q) + f(oo, x°, q) = 4>(—oo,x°,q) + 
4>(oc,x°,q) = 0. The corresponding conserved charges read: 



-oo,x°,q) - (f)(oo,x°,q) 



a=i 1 f(-oo,x°,q) - (p(oo,x°,q), 



(33) 



where A(?/ 1 /L) is the volume cut-off regularization function with the Fourier 
image S^k 1 ) (l62l) . Right (£ = — ) and left (£ = +) thermofields <jfi (x^,q^J 
and their charges Q^(q) are defined by similar to [5] linear combinations: 

(a* f ) = ~ ^(x, - £0(x, q)} , for: £ = ±, (34) 

= ^ [0(f) - £O b (?)] = ±2^ (*° ± oo, ?) , (35) 
These fields obey the temperature independent commutation relations: 

[(p(x,q),d ip(y,q)]\ x0=y0 = [(t)(x,q),d Q <j)(y,q)] \ x0=y0 =i5(x 1 -y 1 ), (36) 

i^p(x, <?), <p(y, ?)] = [00*, 0» 0] = -* — « — # - yf) > ( 37 ) 
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<^ ( S , <;),</ (r, ?)] =-4^-^, [^(a, 0,^(0] = 2^- ( 38 ) 

The similar commutation relations take place for their tilde-partner, that 
remain kinematically independent also at finite temperature: |y4(<r), B(q)] = 
0. So, up to now we cannot distinguish the hot and cold physical thermofields. 

The kinematic independence of the tilde-partners fails and the difference 
between the hot and cold physical thermofields appears on going to the "fre- 
quency" parts of corresponding fields tp^^ (x^, q^j , and their charges Q^\q). 
It manifests itself in the commutators of annihilation (+) and creation (— ) 
(frequency) parts, defined by annihilation and creation operators over the ini- 
tial cold vacuum 1 00) for the pseudoscalar fields [Sj: Vc{k x }V~ x = —c(—k r ), 
[c(k l ), ^(q 1 )] = 2n2k°S(k 1 - q 1 ), c^O) = 0, c^^OO) = c(A: 1 )|00> = 0, for 
both hot [+], and cold [— ] thermofields, in the form: 

|0(<r)> = V^)|00) = V ( b)[-^]|00), tanh 2 tf = e~" k ° , = (39) 
<p(x; [±}q) = Vj (B) <p(x)V± B) =► <pl+\x; [±}q) + ^~\x; [±}q), (40) 
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and so on for all other fields 4>(x), tp^(x^), Q^, with corresponding Fourier 
expansions and commutators. Below we put corresponding ± into respective 
brackets, and k° = \k l \: 



^ {+) [±k) 

=F sinh dc {k x \ e l 



2tt 



J ^(-ik 1 ) [coshtfc(V) e - lk ° xi T 

-oo 

(*M±k) = K +) (^;[±k)} f , 



?(+) 



=p sinh $c ^A; 1 ) e~ 



Q f(+) ([±K) = lim 4 



dfc 1 ^ (-ffc 1 ) coshtfc (A; 1 ) e _ifc02 °± 



±sinhtfc(V) e ik °^} 6 L (k 1 ) , Q 5( - } ([±k) = {V (+) ([±k)} f 

dk^f-^k 1 ) [coshtfc(V) e ifc °^± 



Q« (+) ([±k) = lim -4 

i— too Z 



(41) 

(42) 
(43) 

(44) 
(45) 

(46) 
(47) 



isinhtfc (k l ) e- ik °^] 5 L (k 1 ) , Q ?H ([±k) = {Q^ + \[±}^ . (48) 

Here the x° - dependence of charge frequency parts is fictitious and unphys- 
ical. It is the artifact of space regularization (1321) and should be eliminated 
at the end of calculation. Only for hot [+] thermofields one has: 



minis', [+k)^V; [+k)|o(?)> = (o|^WV)|o> 
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(here )(s) = lim ? _ >tX) I? ( - )(s, s;/^)) but for both of them: 
(00V(s; [±k)^'(r; [±k)|00> = [^ (+) (*; [±k),^' H (r; [±k 

(s; [±]0 , ^ ( r; [±] f )l = (±l)kj?H(±(, - r), q ^) 

= (Tl)^j:^ {in (*7^ sinh (-(±(s - r) - zO))) - g (?,/i x )} , 
(a; [±]0 , ^ (r; [±] ? )1 = ( T l)^p(-)(±( s - r ), q ^) 



(49) 
(50) 

(51) 

(52) 



= (Tl)-^a'{ ln (V^ sinh ^L( t ( s -t) -iO))) 

(a; [±]0 , ^ (r; [±] ? / = 
= (±1)[±1]-U €i r {in (cosh (^( a - r))) - /(<^ 2 )} , 



^\s; [±],),Q^\[±] 



5 W 



"(±1) 



'x° — 



2<, 



</W(s; [±]0,g f ' (=F) ([±]Ol =(±1)[±1]*«, 



x° — 



2? 



(53) 

(54) 
(55) 
(56) 



Q^)([±k),Q^)([±k)] = (±l) fll ^ = [Q^([±],),Q^\[±],)] , (57) 
Q^)([±]<r),<^'W([±]^ 

Here the following quantities are defined: /I = \xe c ^ , 
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, . °f dk 1 



e* k ° - 1 



Mi 

oo 



2 



- In ( ^r) , 7*! = ^e Cs -> 0, (59) 



^ 1 2 , „ 



lim g{q,^) = 0, lim /(<r,// 2 ) = 0, 



f— >oo 



5— >oo 



(60) 
(61) 



— oo ^ ' 

oo oo oo 

a = nj dk x k x (6 L (k 1 )) 2 = 7T y dtt(K{t)f = Tr/f, J* =y dtr(A(t)) 2 , (63) 



oo /r/il\\2 00 /"a"/ \\2 

a t = a, + 2, / dkV^0JL = a + 2* / dtt±§>L, 



a, 2W a - + + O 

<T 6 L 



a 2 



DC 

'I 



sinhfcfc / 2 ) 

- ^tfl 
? 12 2 L 



L 

oo 

7T / dtt 



L — > oo, lim ai = a , 

c— >-oo 



(A(t)) 5 



sinh (tq/2L) ' 



a 2 ^2<--^-/^ + 0((^) ). /. ■ x hmo 2 = 0. 



?— s-oo 



(64) 
(65) 
(66) 
(67) 



where C 9 is the Euler-Mascheroni constant. It is important to note that in 
any case the difference a\ — a 2 becomes L - independent at L — > oo, and if 
ao is finite, then a\ — a 2 — » at L — > oo. 

Following j5], by the use of the fields given above, one can construct a 
variety of different inequivalent representations of solutions of the Dirac equa- 
tion for a free massless trial field at finite temperature, d^x^ (^"^j c ) = in 
the form of local normal ordered exponentials of the left and right bosonic 
thermofields <pfi(ir, c), and their charges Q^(c) (134")) . (135]) . However, the kine- 
matic independence (fT9j) of the tilde-partners can be achieved only by "ad- 
mixing" the Klein factors of both the charges Q^(c) and Q~^(c) to the same 
field. Moreover, according to the meaning of L as macroscopic parameter, 
the wanted thermofield should have a correct thermodynamic limit L — > oo 
for the finite temperature T > 0. The most simple case, which leads to 
the bosonization relations ([29]) . (1301 for the currents f[25|) ff28T) of the fields 



x(x,c) with Z, 



(xV 



1 reads at L — > oo, for a\ — a 2 — > 0, [w and 6 are 



arbitrary initial overall and relative phases) as: 
X € (aT«; [±]c) = M v (exp {R^; [±]c)}) H [±]c) 



Rs(x-Z; [±]c) 



^ (/^ [±k) 



with: 



Or 



-i2 



[±k 



([±10 + ^G«([±] ? ) 



(68) 
,(69) 

(70) 

• --fr, at = £l + p, (71) 

where the a and p are defined by the condition (|T9l . and the new charges, 
with simple commutation relations following from ( 15"5]) -( 155|) . are used: 



,4^-^0/4 



exp< - 



G f ([± 



= gf([±] s ) + [±i]Q 5 ([±k 

[±]c),G«'W([±], 

[±]c),G«'W([±k 
G«( ± )([±]c),G^'W([±] ? 
G« ± )([±]c),G«'W([±] ? 



with: 



= (±l)2( ai -a 2 )^, 

= (±l)[±l]2(a 1 -a 2 )5^. 

Following to [8], we obtain then at L — >• oo the normal exponential of the 
DM for Thirring field in the form analogous to [51E] (A is ultraviolet cut-off): 



(72) 
(73) 

(74) 
(75) 
(76) 



* £ (a;; [±]c) = M v (exp [±]c)}) (/x x , c) 



(77) 
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(x; [±]0 + ^ g-«([±] ? ) + 5LG«([±] f ) 



[±] f ) = ayT* (oT«; [±]g) + fa* (a* [±] 



^(^1)0 = ( 7T- 

\ZTT 



1/2 



/3 /47T 



e i ro -i?e/4 exp 




where: Eg = aug — /Serf, Sf 



#4 



with: &1 =^> £(2n + 1), =^ £1 + (2n 2 + 1), n , «2 - integer, 



(78) 
(79) 

(80) 

(81) 
(82) 



by imposing again the conditions onto the parameters that are necessary 
to have correct Lorentz-transformation properties corresponding to the spin 
1/2, and correct canonical anticommutation relations (!86|) respectively: 



a 



47T, 



13-^ = 0. 
' 2tt 



(83) 



Remarkably, that the obtained conditions (182]) provide the anticommutation 
, locality and kinematic independence relations (fT9~l) for both the free 
and Thirring fields (I77|) and their tilde partners simultaneously 
Straightforward calculation of the vector current operators ( 125]) - ( 128]) for 

the solution (177])- (P]h with %)(a) = (-A 2 a 2 )~^/ 4w , Z (x) (a) = 1, by means 
of Eqs. (|55p-(j55j| and ([83]), under the conditions [8]: 



/2tt /3\ - /2tt /3\ . , 20F 



i + g -, 

7T 



»4) 



again directly reproduces the bosonization (and linearization) relations (|23|) , 
(121]). (|25|) . (p]l as the following weak equalities: 



J ■> — — 



2tt 



d v (f>(x, q) 



ft 



■■J( Y ){x, <?), 



(85) 



2v^F (x) 

demonstrating self-consistency of the above calculations. The obtained nor- 
mal form of Thirring thermofields has a correct renormalization properties: 



with: (a; — y) 



A 2 (x 1 - y 



1\2 



(86) 
(87) 



for a; 1 — ~ 1/A. The limit of this solution to zero temperature gener- 
alizes Oksak solution [5] [6] as two-parametric Thirring field with arbitrary 
continuous parameters a and p from (ITT]) . 
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4 Conclusion 



The main lesson of our work is very simple: the correct true HF should be 
only a fully normal ordered operator in the sense of DM onto irreducible 
physical fields. Only this form clarifies and assures correct renormalization, 
commutation and symmetry properties. It allows also a simple connections 
between different types of solutions with finite and zero temperature. The 
chosen here representation space of free massless pseudoscalar field relax the 
problem of nonpositivity of inner product. Contrary to the recent works 
[T2j IT3] . we take into account different types of charge regularization and 
all possible mutual commutation relations of bosonic thermofields and their 
charges, that self-consistently removes fictitious x° -dependence. 
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